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Distance function

( ) ( )Ω∂= ,dist xxd

distance to 
a curve 

(surface)

( ) ( ) yxxx
y

−=Ω∂=
Ω∂∈

min,distd

( ) ( ) ( ) 1,dist =∇Ω∂= xxx dd eikonal equation

It is not easy to solve it 
numerically with high accuracy: 

it is non-linear and the solution 
develops singularities
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Distance function for mesh generation
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The law of the wall in fluid dynamics

The law of the wall states that the average velocity of a turbulent 
flow at a certain point is proportional to the logarithm of the distance 
from that point to the "wall", or the boundary of the fluid region.
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Surface reconstruction from scattered point data

Fatih Calakli and Gabriel Taubin                                                   

SSD: Smooth Signed Distance Surface Reconstruction

Computer Graphics Forum Vol. 30, No. 7, 2011.
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Level sets and re-distancing

Evolving Curves and Surfaces:

� Propagate curve according to speed function v=Fn

� F depends on space, time, and the curve itself

� Surfaces in three dimensions

Level set approach: Represent the 
evolving curve as the zero level set 
of a function φ(x,y,t)

Level set 
equation ϕ

ϕ
∇−=

∂

∂
F

t



77

Level sets and re-distancing: area of active 

research
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Applications of distance functions 

in Computational Maths & Physics

A boundary value problem: ( )[ ] ( )
( ) ( )




Ω∂=

Ω=

on  

in  

xxu

xfxuL

ϕ Dirichlet boundary condition 

Looking for an approximation of u(x) in the form

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ,on    0,in    0,on    0

,
1

Ω∂>≥∇Ω>Ω∂=

=ΦΦ+= ∑ =

αωωω

ωϕ

xxx

xecxxxxxu
n

i ii

Then We have a lot of freedom in choosing basis 

functions, as they don’t need to vanish on  

( ){ }xei

Extended to other types of boundary conditions (Rvachev)

The characteristic function method of Leonid Kantorovich:

Ω∂
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Rvachev’s extension of the characteristic function

method of Kantorovich

( ) ( )
Ω∂=∂∂

Ω>Ω∂=

on    1

in    0,on    0

nω

ωω xx

K,3,2,on    0 =Ω∂=∂∂ k
kk

nω

So distance function approximations 

which are accurate near the 

boundary are needed
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Variational and PDEs methods for estimating dist(x,∂Ω)

( )( ) min1
2

→−∇∫Ω xx du ( )uuu ∇∇=∆ div Euler-Lagrange 

equation
43421

level-set curvature

( ) ( ) ( ) ( ) Ω∂=Ω=∇Ω∂= on    0in    1:,dist xxxx ddd

( ) ( ) ( ) ∞→→Ω∂=Ω−=∇∇≡∆
−

pduuuuu
p

p   as  on    0in    1div
2

xx

( )
uuu

u
vuu

2

2
,on    0,in    1

2
+∇+∇

=Ω∂=Ω−=∆ x

Ω∂=∂∂= on1and0 nvv

P.R.Spalding

P.G.Tucker 
(Cambridge)
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Geodesics in Heat of K. Crane, C. Weischedel , M. Wardetzky

( ) ( ){ }

( )[ ]
( ) Ω∂==∇=∆+∇−

Ω∂=∆+∇−=∆−=

∂

∂
−

∂

∂
=

∂

∂

∂

∂
−=

∂

∂

−=

−

>Ω∂=Ω=∆−

on    0,1  esapproximat  01

on    0,10

,

exp      :onSubstituti

ynumericall solve easy to  PDELinear  :Poisson Screened

0,on    1,in    0
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uutuvvtv

x

u

t

v

x

u

t

v

x

v

x

u

t

v

x

v
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tvvtv

iiiii

eikonal equation

Hopf-Cole 
transformation
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Geodesics in Heat of K. Crane, C. Weischedel , M. Wardetzky

( )
( ) ( ){ }

( ) ( )

( ) ( )[ ]xx

x

x

wtu

wwtw

xwv

vvtv

tuxv

tuutu

−−=

Ω∂=Ω=∆−

−=

−

Ω∂=Ω=∆−

−=

<<≈∇=∆+∇−

1ln

on    0,in    1

1      :onSubstituti

ynumericall solve easy to  PDELinear 

on    1,in    0

exp      :onSubstituti

1  if  1,01
22

rhs = ones(N,1);

u = -sqrt(t)*log(1-(t*D+eye(N))\rhs);

Laplacian
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Geodesics in Heat of K. Crane, C. Weischedel , M. Wardetzky

20=t 2=t 2.0=t
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Geodesics-in-heat vs Spalding-Tucker normalization

Ω∂=Ω−=∆ on    0,in    1 uu
( )

uuu

u
v

2

2

2
+∇+∇

=x

Geodesics-in-Heat

( ) ( )[ ]xx wtu

wwtw

−−=

Ω∂=Ω=∆−

1ln

on    0,in    1
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A simple variational approach 

( ) ( ) ( ) 1,dist =∇Ω∂= xxx dd eikonal equation

( ) ( )( ) Ω∂=→−∇= ∫Ω on0min1
2

uduuE xx
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A simple splitting scheme

( ) ( ) ( ){ } min1,
22

→∇−+−= ∫
Ω

xqqq duruEr

( ) ( )( ) uduuE ∇=→−∇= ∫Ω qxx min1
2

Optimising w.r.t. u(x) : qdiv=∆u

Optimising w.r.t. q : ( ) uc ∇= xq

( ) ur

ur
c

∇+

∇+
=

1

1
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A simple splitting scheme

( ) ( ) ( ){ } min1,
22

→∇−+−= ∫
Ω

xqqq duruEr

( ) kkk

k

k

k uu
ur

ur
qq div

1

1
1 =∆∇

∇+

∇+
= +

( ) ( )

( ) ( )∫

∫

Ω

Ω

−∇=∇≤

≤−

x

qxq

duuuE

uEd

kkkr

kkrk

2

2

1,

,1

… and a convergence can be established
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A splitting scheme

( ) ( ) ( ){ } min1,
22

→∇−+−= ∫
Ω

xqqq duruEr

( ) kkk

k

k

k uu
ur

ur
qq div

1

1
1 =∆∇

∇+

∇+
= +

the most computationally 

expensive step

bAu = The same system of linear equations is solved 
for each iteration. 

So the Cholesky decomposition is used T
LLA =
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Results for 2D domains

exact distance
distance by 
splitting scheme

( ) ( ) ( ){ } min1,
22

→∇−+−= ∫
Ω

xqqq duruEr
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3. Results: speed of convergence

( ) ( ) ( ){ } min1,
22

→∇−+−= ∫
Ω

xqqq duruEr

( ) ( ) ( ) ( ) ( ){ } min1,,
22

→∇−+∇−⋅+−= ∫
Ω

xqqxλqλq duruuEr

ADMM leads to very similar results
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Results for 3D solids

Distance by p-Laplacian 

(p=8) yields better accuracy

distance by

via splitting scheme

absolute error

( ) ( )xx dist−u

( )( ) min1
2

→−∇∫Ω xx du
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p-Laplacian for distance function estimation

( )
Ω∂=

Ω−=∇∇≡∆
−

on   0)(

in   1div
2

xu

uuu
p

p

It is known that the solution converges to the distance function
as ∞→p

Distance (error) by           
p-Laplacian (p=8)
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Wall distance approximation

Ω∂=Ω−=∆ on0,in1 ϕϕ

Proposed by P.R.Spalding in 1994

Further developed by P.G.Tucker (Cambridge Uni) 

( ) Ω∂=
∂

∂
=⇒

+∇+∇
= on1and0

2

2

2 n
x

ψ
ψ

ϕϕϕ

ϕ
ψ

Exact for 1-D case

( ) Ω∂=Ω−=∇∇≡∆
−

on   0)(,in   1div
2

xuuuu
p

p

( )
p

p-

pp
uu

p

p
uv

1

1

1








∇+

−
+∇−=

−
x

Exact for 1-D case
Ω∂=∂∂

=

on1

0

nv

v

The law of the wall states that the average velocity of      
a turbulent flow at a certain point is proportional to the logarithm of the 
distance from that point to the "wall", or the boundary of the fluid region.

Extending the Spalding-Tucker construction to p-Laplacian:

Belyaev-Fayolle 2015
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p-Poisson wall distance

( ) Ω∂=Ω−=∇∇≡∆
−

on   0)(in   1div
2

xuuuu
p

p

( )
p

p-

pp
uu

p

p
uv

1

1

1








∇+

−
+∇−=

−
x





Ω∂=∂∂

Ω∂=

on1

on0

nv

v

23rd AIAA Computational Fluid Dynamics Conference

Our p-Poission normalization is used in:
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p-Laplacian for distance function approximation

( ) Ω∂=Ω−=∇∇≡∆
−

on   0)(in   1div
2

xuuuu
p

p

A variant of ADMM for numerical solving 

p-Poisson equation
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ADMM for p-Poisson eqaution

( ) Ω∂=Ω−=∇∇≡∆
−

on   0)(in   1div
2

xuuuu
p

p

min→
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ADMM for p-Poisson eqaution

15=p 100=p

Exact distance

normalized
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ADMM for p-Poisson equation

( ) Ω∂=Ω−=∇∇≡∆
−

on   0)(in   1div
2

xuuuu
p

p

25=p

( )
p

p-

pp
uu

p

p
uv

1

1

1








∇+

−
+∇−=

−
x

p-Laplacian p-Laplacian + 

normalization

geodesics-in-heat
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One more way to estimate the distance function

Distance function satisfies

ADMM: looking for a saddle point of

Ω∂=≤∇→
Ω∈

Ω

∫ on   0)( and  1max    wheremax, xx ϕϕϕ
x

d

( ) ( ) min→∇+ ϕϕ GF

( )

( )




∞+

≤
=

−=

∞

∫
Ω

otherwise

1  if0
LG

dF

q
q

xϕϕ

( ) ( )∫
Ω









−∇+−∇⋅++− xqqσq d

r
G

2

2
ϕϕϕ
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One more way to estimate the distance function

ADMM: ( ) ( )∫
Ω









−∇+−∇⋅++− xqqσq d

r
G

2

2
ϕϕϕ

( )

( )

( )

( )111

11

1

1

otherwise

1  if

on   0)(

 in   div1div

+++

++

+

+

−∇+=



 ≤

=

+∇=

Ω∂=

Ω+=−∆−

∞

kkkk

L
B

kkBk

k

kkk

r

P

rP

r

qσσ

zz

zz
z

q

x

σq

ϕ

σϕ

ϕ
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The same approach works for p-Poisson equation

( ) Ω∂=Ω−=∇∇≡∆
−

on   0)(in   1div
2

xuuuu
p

p

Ω∂=≤∇→∫
Ω

on   0)( and  1    wheremax, xx ϕϕϕ pL
d

( ) ( ) min→∇+ ϕϕ pGF

( )

( )




∞+

≤
=

−= ∫
Ω

otherwise

1  if0 pLG

dF

q
q

xϕϕ

Ω∂=→∇









∫∫
ΩΩ

on   0)(max     xxx ϕϕϕ dd
p

p
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One more way to estimate the distance function

geodesics 

in heat

normalized 

p-Laplacianproposed
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Applications of p-Laplacian in Image Processing

( ) ( ) ( ) ( ) ( ) ( )[ ] min
2

2
→





−+∇= ∫∫

Ω

xxxxx
x

dufHuauE
p λ

( )xf ( )xu

0<p(x)<1 and a(x) are constructed from input image f(x)
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The last slide

Any 

questions?


