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Motivation

1. Mesh generation is the process of partitioning a complex 

shape into a collection of simple shapes.

2. Mesh generation has many applications, in areas like 

geography, computer graphics, computer-aided design, and 

numerical solution of differential equations, …

pointwise.com

http://pointwise.com


Structured vs. Unstructured

Structured Unstructured
1. Interior node valence is constant.

ie. number of elements at each 

interior node=4

2. Meshing algorithm relies on 

specific topology constraints.

ie. number of sides=4

1. Interior node valence varies.

ie. number of elements at each 

node=3,4,5…

2. Meshing algorithm applies to 

arbitrary topology

ie. number of sides is arbitrary

Courtesy S. Owen, Short Course 23rd IMR



Tet Meshing Vs. Hex Meshing

4

Tet Meshing

1. Fully Automated, mostly push-button

2. Generate millions of elements in 

minutes/seconds

3. User time generally minutes/hours

4. Can require 4-10X number of 

elements to achieve same accuracy 

as all-hex mesh

5. Tet-Locking phenomenon for linear 

tet results in stiffer physics

Hex Meshing

1. Partially Automated, some Manual

2. Can require major user 

effort/expertise to prepare geometry 

to accept a hex mesh

3. User time to generate mesh may be 

typically days/weeks/months

4. Computational methods may prefer 

or require hex element

5. Preferred by most analysts for 

solution accuracy

Courtesy S. Owen, Short Course 23rd IMR



Mesh generation methods

Courtesy S. Owen



Quadtree-Octree methods

QMG



Advancing front



Delaunay-based methods (with theoretical guarantees)

Triangle

Jonathon Shewchuk

http://www-2.cs.cmu.edu/~quake/triangle.html

Tetmesh-GHS3D

INRIA, France

http://www.simulog.fr/tetmesh/



Softwares 



The Challenges

1. CAD geometry preparation, cleaning.

2. 3d surface and volume mesh generation.

3. Mesh adaptation, anisotropic meshes.

Automation, Robustness, Efficiency, …



Topics of this course

1. CAD geometry preparation, cleaning.

2. 3d surface and volume mesh generation.

3. Mesh adaptation, anisotropic meshes.

Automation, Robustness, Efficiency, …



Outline

1. Introduction

2. Triangular Mesh Generation

3. Tetrahedral Mesh Generation

4. Mesh Adaptation

5. Further Topics



Delaunay Triangulations



A finite point set S in the plane



A triangle of S



the circumcircle of a triangle



A triangle is called a Delaunay triangle if
its circumcircle contains no other vertices of S. 



A triangulation of S is called Delaunay triangulation if
all of its triangles are Delaunay triangles.



Geometric properties of Delaunay triangulations



Given a triangulation of S, how to know whether it is Delaunay or not?



Let AB be an edge of T, it is shared by two triangles,
ABC and ABD of T.
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Ab is locally Delaunay if the circumcircle of ABC does not contain D.
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Even AB is locally Delaunay, it might not be a Delaunay edge.
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Let UV be an edge of T
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UV is not locally Delaunay



The Delaunay Lemma: If every edge of T is locally Delaunay, then T is Delaunay triangulation.



Edge flip

A

B

C

D



Edge flip
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AB is not locally Delaunay
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CD is locally Delaunay



Lawson’s Flip Algorithm [1977]



Convex hulls and Delaunay triangulations



Lawson’s Flip Algorithm [1977]



Lawson’s Flip Algorithm [1972, 1977]



The flip graph



The Flip Graph

However, Lawson’s flip algorithm may not terminate in 3d.



Incremental Flipping

X

Given a Delaunay 

Triangulation of n nodes, 

How do I insert node n+1 ?
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X

Given a Delaunay 

Triangulation of n nodes, 

How do I insert node n+1 ?



Incremental Flip



Incremental Flip [Edelsbrunner & Shah 1996]

Edelsbrunner, H. & Shah, N. R. Incremental topological flipping works for regular triangulations, 



Constrained Triangulations



Meshing a Planar Straight Line Graph (PSLG) in plane



Constrained triangulations



Constrained triangulations



Constrained triangulations



Quality Mesh Generation



Quality of triangles

‘Good’ ‘Not Good’



Quality of triangles

There are lots of geometric qualities ... .



Delaunay refinement [Chew 1989, Ruppert 1995]



Circumcenter may lie outside of the domain



Boundary protection

Split segments if its diametral circumcircle is not empty



An input constrained triangulation



A result of Delaunay refinement



Robustness



Filtered Exact Predicates

Shewchuk’s adaptive predicates



Weighted Delaunay Triangulations



Weighted Points



Weighted Distances



Orthocircles



Weighted Delaunay Triangulations



Power (weighted Voronoi) diagrams



Regular Triangulations





The Acyclic Theorem



The Flip Graph of Regular Triangulations



Non-regular Triangulations



Non-regular triangulations and Cycles

a view point

Unlike the regular triangulaitons (Acyclic Theorem [Edelsbrunner 1990]), 
cycles of simplices from a fixed view point. 

The existence of cycles in triangulations is the reason that causes the failure of Lawson’s flip algorithm. 



Incremental Flip [Edelsbrunner & Shah 1996]

Edelsbrunner, H. & Shah, N. R. Incremental topological flipping works for regular triangulations, 



Detri2
• Detri2 is a C++ program and library for generating 

weighted Delaunay triangulations as well as power 

Voronoi diagrams for weighted point sets in 2d. 

• It generates boundary constrained Delaunay 

triangulations and good-quality triangular meshes for 

arbitrary polygonal domains in 2d.

• It generates (isotropic and anisotropic) adapted meshes

from a user-specified sizing function.

http://www.wias-berlin.de/people/si/detri2.html

http://www.wias-berlin.de/people/si/detri2.html
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Constrained Triangulations in 3d



Triangulations with constraints



3d indecomposable polyhedra



Steiner Points



The existence of CDTs in 3d



Proof of CDT Theorem (Shewchuk)



CDT algorithms



Examples



Boundary recovery



Classical boundary recovery methods



3d Indecomposable Polyhedra



Knots and Links

H. Si, Y. Ren, N. Lei, X. Gu, On tetrahedralisations containing knotted and linked line segments. In Proceedings of 26th International Meshing Roundtable, September 18



Quality Mesh Generation in 3d



Mesh points creation



Point insertion rules



The algorithm [Ruppert and Shewchuk]



Guarantees in mesh quality and mesh size



Small angles



Constrained Delaunay refinement [Shewchuk and Si 2014]



The TetGen Project



An example: RR-Trent900



An example: RR-Trent900



An example: RR-Trent900



An example: RR-Trent900



An example: RR-Trent900

number of tetrahedra:    10,000,000

total running time：< 6 minutes

memory used： 3.5 Gb



Outline

1. Introduction

2. Triangular Mesh Generation

3. Tetrahedral Mesh Generation

4. Mesh Adaptation

5. Further Topics



Why mesh adaptation



Anisotropic mesh generation

Anisotropy: why and where?



Metric-based Anisotropic 
Mesh Adaptation



Description of anisotropy using a metric tensor



Anisotropic distances



Metric-based Mesh Adaptation



BAMG - a metric-based code



BAMG - a metric-based code



High Dimensional Embeddings



Anisotropy through High Dimension Embedding





Lengths and angles in 6d



Mesh adaptation (using 6d lengths and angles)



Examples







Mesh adaptation via HDE



The embedding map



An example



Example: Wave
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Hybrid Methods

120

CFD Meshing

Image courtesy of acelab, University of Texas, Austin, 

http://acelab.ae.utexas.edu

Image courtesy of Roy P. Koomullil, Engineering Research 

Center, Mississippi State University, 

http://www.erc.msstate.edu/~roy/



self-intersections bad quality

Automatically repairing geometric issues has proven to be a complicated task.

holes



Surface meshing and remeshing

Courtesy P. Alleiz



Mesh quality improvement



Parallel mesh generation

Courtesy Daming Feng et al 2016



The Challenges

1. CAD geometry preparation, cleaning.

2. 3d surface and volume mesh generation.

3. Mesh adaptation, anisotropic meshes.

Automation, Robustness, Efficiency, …



Thank you for your attention



A CAD model of turbine



A 3d mesh of the turbine model



A numerical solution of the compressible Navier-Stoke equation


