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Contents of part 3

Possible extensions to higher space dimensions:

• Tensor-grid approach

• (Gradient-weighted) moving finite elements

• The deformation method

• The Monge-Ampère approach

• MM-PDEs

• Near-equidistribution, Winslow... ⇒ Part4



Overview Tensorgrid Other methods

A naive extension to 2D... [1]

Tensorgrids:
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A naive extension to 2D... [2]

The transformed PDE model

∂u

∂t
= ǫ∆u − β(u, x , y , t) · ∇u + s(u, x , y , t)

x = x(ξ, θ), y = y(η, θ), t = θ

J := xξ yη

⇓

J ∂θu − ∂ξu ∂ηy ∂θx − ∂ηu ∂ξx ∂θy =

ǫ[∂ξ(
∂ηy ∂ξu

∂ξx
) + ∂η(

∂ξx ∂ηu
∂ηy

)]−

β1∂ηy ∂ξu − β2∂ξx ∂ηu + s(u, x(ξ, θ), y(η, θ), θ)

(short notation)
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A naive extension to 2D... [3]

The adaptive grid (∼ transformation) satisfies

∂ξ [(S1(J1) + τ ∂θJ1)W1] = 0
∂η [(S2(J2) + τ ∂θJ2)W2] = 0 (τ ≥ 0)

with smoothing operator

S = I − σ(σ + 1)(∆ξ)2∂2
ξξ (σ ≥ 0)

and
J1 := ∂ξx , J2 := ∂ηy

ω1 =
√

1 + α maxη[∂ξu]2

ω2 =
√

1 + α maxξ[∂ηu]2 (α ≥ 0)
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A naive extension to 2D... [4]

THEOREM

1. J > 0, ∀ θ ≥ 0, (ξ, η) ∈ [0, 1]× [0, 1]

‘regularity of mapping’

2.

∣

∣

∣

∣

∣

∂2
ξmξm

x

∂ξmx

∣

∣

∣

∣

∣

≤ 1/
√

σ(σ + 1)∆ξm, m = 1, 2

(ξ1 := ξ, ξ2 := η)
‘smoothness of mapping’
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A naive extension to 2D... [5]

for σ = τ = 0=⇒

∂ξm [Jmωm] = 0, m = 1, 2

Solution:

ξ(x , t) =

∫ x

xl

ω1 dx̄/

∫ xr

xl

ω1 dx̄

η(y , t) =

∫ y

yl

ω2 dȳ/

∫ yu

yl

ω2 dȳ

[Equidistribution in each direction]
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A naive extension to 2D... [6]

‘Grid energy’:
The grid PDEs are the Euler-Lagrange equations for minimizing

I1(ξ) =

∫ xr

xl

1

ω1
(∂xξ)

2dx , I2(η) =

∫ yu

yl

1

ω2
(∂yη)

2dy

‘grid distribution represents equilibrium state of a spring system’
(state of minimum energy)

THEOREM (semi-discretized version)
1. ∆xi ,j(θ) := xi ,j(θ)− xi−1,j(θ) > 0, ∀θ, ∀i , j
‘no grid points crossing’

2. 1
1+1/σ ≤

∆xi+1,j (θ)
∆xi,j (θ)

≤ 1 + 1/σ, ∀θ, ∀i , j

‘local quasi-uniformity’  σ = O(1)
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Application: a rotating cone [1]

∂tu = ∆u + f (x , y , t)

u∗(x , y , t) = exp(−80((x − r(t))2 + (y − s(t))2))

with

r(t) = 0.25(2 + sin(πt)), s(t) = 0.25(2 + cos(πt))

A rotating steep pulse that moves around in circles with a constant
speed and with no change of shape during the movement

39× 39 grid (uniform starting grid), α = 1 σ = 1, τ = 10−3,
tol = 10−3

from Zegeling, J. of Comp. & Appl. Maths., 166, 2004



Overview Tensorgrid Other methods

Application: a rotating cone [2]
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Application: a whirlpool model [1]

∂tu = −
vt

vt,max

y

r
∂xu +

vt

vt,max

x

r
∂yu

with
r =

√

x2 + y2 + ǫ, vt = tanh(r)/ cosh2(r)

vt,max = 0.385, u|t=0 = − tanh(y)/2, ∂nu|∂Ω = 0

Ω = [−4, 4]2, t ∈ [0, 4]

The formation of cold and warm fronts in a two-dimensional
setting with a rotational velocity field ⇒ twists the front
(∼ daily-weather maps)

39× 39 grid (uniform starting grid)
α = 1, σ = 1, τ = 10−3, tol = 10−3
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Application: a whirlpool model [2]
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Application: Burgers’ equation [1]

∂tu = ǫ∆u − u ∂xu − (
3

2
− u) ∂yu

u∗(x , y , t) =
3

4
−

1

4

1

1 + exp −4x+4y−t+2
32ǫ

‘Burgers’ equation’ (scalar version): describes a wave front with a
steep transition area of thickness O(ǫ) that moves under an angle
of 1350 with the positive x-axis
(‘counterexample’ for tensorgrid approach)
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Application: Burgers’ equation [2]
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Application: Burgers’ equation [3]

Adaptive moving grid solutions; see Part 4:
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Overview: adaptive moving meshes
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Moving finite elements [1]

Miller, Baines, Carlson, ...:
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Moving finite elements [2]
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Moving finite elements [3]



Overview Tensorgrid Other methods

Moving finite elements [4]
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Moving finite elements [5]
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MM-PDEs [1]

Huang, Russell, ...:
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MM-PDEs [2]
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Deformation method [1]

Liao, Anderson, de la Peña,...:
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Deformation method [2]
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Deformation method [3]
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Monge-Ampère approach

Budd, Williams, Sulman, ...:
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